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Approximate Confidence Intervals for Standardized
Effect Sizes in the Two-Independent
and Two-Dependent Samples Design

Wolfgang Viechtbauer
University of Maastricht

Standardized effect sizes and confidence intervals thereof are extremely useful
devices for comparing results across different studies using scales with incom-
mensurable units. However, exact confidence intervals for standardized effect
sizes can usually be obtained only via iterative estimation procedures. The pre-
sent article summarizes several closed-form approximations to the exact con-
fidence interval bounds in the two-independent and two-dependent samples
design. Monte Carlo simulations were conducted to determine the accuracy
of the various approximations under a wide variety of conditions. All methods
except one provided accurate results for moderately large sample sizes and con-
verged to the exact confidence interval bounds as sample size increased.
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Introduction

There is a growing consensus that all null hypothesis significance tests should be
supplemented with effect size estimates and confidence intervals (e.g., American
Psychological Association, 2001; Cohen, 1994; Cumming & Finch, 2001; Hyde,
2001; Kirk, 1996; Schmidt, 1996; Thompson, 2002; Wilkinson & APA Task
Force on Statistical Inference, 1999). Procedures for obtaining confidence intervals
(CIs) in the raw (unstandardized) units for the two-independent and two-dependent
samples design are covered in most introductory textbooks on statistics, commonly
known to researchers, and implemented in statistical software packages. However,
the units of the measurement scales used by researchers are often chosen arbitrarily.
Reporting effect sizes and corresponding Cls in standardized units allows compari-
sons between measurements on scales that use incommensurable units.

For example, Marcus, Marquis, and Sakai (1997) conducted a study to inves-
tigate the effectiveness of eye movement desensitization and reprocessing
(EMDR), a controversial treatment for a variety of psychological disorders
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including posttraumatic stress disorder (PTSD). Patients in the EMDR group
scored on average 19.76 points below patients in a standard care (SC) group fol-
lowing treatment, as measured by the modified PTSD Symptom Scale. Another
study investigating EMDR treatment for PTSD was conducted by Carlson,
Chemtob, Rusnak, Hedlund, and Muraoka (1998). Here, the mean difference
between the EMDR and a control condition amounted to 3.2 points on a self-
report measure devised by the authors of this study.

Those two outcomes are not directly comparable because the scales are based
on a different number of items and scoring criteria. A common solution is to
standardize the mean difference by the pooled standard deviation of the two
groups. Doing so yields standardized mean differences of 0.76 and 1.33 points
in the first and second study, respectively. In other words, the EMDR group
scored 0.76 standard deviations below the SC group in the study by Marcus
et al. (1997), whereas Carlson et al. (1998) found a difference of 1.33 standard
deviations between the two groups. The differences in treatment efficacy between
the two studies are now more apparent. Moreover, Cls can be used to indicate the
precision of these effect size estimates. The corresponding 95% ClIs are given by
(0.26, 1.25) and (0.39, 2.25), respectively.

Obtaining exact Cls in standardized units usually requires the use of noncen-
tral distributions and iterative estimation procedures (Cumming & Finch, 2001;
Hedges & Olkin, 1985; Smithson, 2003a; Steiger & Fouladi, 1997). At the time
of this writing, the methods required to find exact CIs are not covered in most
textbooks, are not commonly known to researchers, and have not been imple-
mented in most statistical analysis software. In an effort to address this problem,
six articles published in the August 2001 issue of Educational and Psychologi-
cal Measurement (Thompson, 2001) provided researchers with the necessary
information to calculate effect sizes and ClIs for a wide variety of experimental
designs. In addition, a monograph dealing with CIs based on central and non-
central distributions was published recently (Smithson, 2003a). The article by
Steiger and Fouladi (1997) also provides an excellent introduction to this topic.
Finally, specialized software and scripts to be used in conjunction with standard
statistical software packages are available (Cumming, 2003; Smithson, 2003b).

Researchers can either familiarize themselves with the specialized tools or
rely on various approximate methods based on central distributions and closed-
form expressions to calculate CIs for standardized effect sizes. Numerous such
approximations have been suggested in the literature. The purpose of the present
article is to examine the accuracy of such approximations in the context of the
two-independent and the two-dependent samples design.

The Two-Independent Samples Design

In the two-independent samples design, participants are randomly assigned to
an experimental (E) or a control (C) group. Assume that the scores within each
group are sampled from normal distributions with expectations ., and p. and
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common variance 2. The null hypothesis Hy: iz — e = O (i.e., the absence
of a difference in the population means) can be tested with the familiar two-
independent samples  test.

This null hypothesis significance test provides us with a simple dichotomous
decision rule, namely, whether to reject Hy or not, but neither informs us about
the direction, magnitude, or precision of the measured effect. Clearly, Xp—Xc
provides an unbiased estimate of pu — p., where X and X¢ denote the sample
means of the ng and n¢ scores in the two groups. The precision of this estimate
can be indicated by a (1 — o) x 100% CI for uy — p, given by

_ _ 1 1
Xg — Xc £l npine—2)1-0/25p <E+E)7 (1)

where 1,, 1/, denotes the 100 x (1 — o/ 2)”‘ quantile of a central ¢ distribution
with m degrees of freedom and si the pooled variance of the two groups.

In the ideal case where one is investigating a particular outcome variable
whose raw units can be compared across related experiments, the unstandar-
dized mean difference py — - represents a reasonable choice for the popu-
lation effect size. However, as discussed earlier, the measurement units are
often chosen arbitrarily. Therefore, working with standardized units can be more
informative as this allows comparisons of parameter estimates across scales
using different units. The population effect size is then defined as

5, — He ke
o

; 2)

which reflects the difference in the population means in standard deviation units.
An estimate of &, is given by

 Xp— Xc

Sp

ds (3)

However, d, is a positively biased estimator of d,. The bias of d, was first
demonstrated by Hedges (1981), who also derived the unbiased estimator

)

o = clm) (K22,

Sp

where
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Based on Hedges (1981, 1982, 1983), we note the following set of results. The
exact variances of d, and g are given by Equations 21 and 22 in Table 1. How-
ever, csd and 62 depend on the unknown value d,, Wthh in practice is replaced
by elther d, or gz, leading to estimates 62 (B) and ng( (Equations 23 and 24).
This introduces a certain amount of bias mto the estimated sampling variances

because E[d3] # E[g3] # 5. Unbiased estimates of o7 and o2, denoted by

L2(U) 2 (U)

Gy, and G,, "/, are given by Equations 25 and 26. Finally, d, and g, are asymp-

totically normal with mean 8, and variance 1/7i + 85/(2m), where i = ngnc/
(ng + nc). Replacing the unknown value of 9, by either sample estimate leads to

6(21;“) and 6§2<L1>, the large sample variance estimators (Equations 28 and 29).

However, in the literature, one usually finds m replaced with the total sample size

N = ng + nc in Equation 27. This leads to the large sample estimators 622@2)

and 6 ng (Equatlons 30 and 31).

The Two-Dependent Samples Design

Researchers often choose to measure the same set of n participants on two dif-
ferent occasions, such as before and after receiving some treatment. Because the
same group of participants is measured twice, the two sets of scores are no longer
independent. Assume that the scores X; and X, obtained at Time 1 and Time 2 are
sampled from normal distributions with expected values p; and g, and common
variance o2. Now define the random variable D = X, — X;. It follows that D is
normally distributed with expected value pij, = p, — p, and variance 62, = 26>
(1 — p), where p is the correlation between the scores at Time 1 and Time 2.

The null hypothesis Hy: 1, — p; = 0 (i.e., Ho: pp = 0) can be tested by car-
rying out a one-sample ¢ test on the D scores. The value of pu, =p, —py is
easily estimated with D = X, — X, with a (I — o) x 100% CI given by

_ s
D:I:t(n—]),l—:x/ZTDﬂa (6)

where 57, is the observed variance in the D scores.

Again, we would like to obtain a standardized point estimate. Two different stan-
dardized parameters have been suggested in the literature (Becker, 1988; Gibbons,
Hedeker, & Davis, 1993; Morris, 2000; Morris & DeShon, 2002), namely,

Hp Hy — 1y
sp=to— P W 7
T 2(1-1p) @)

based on the standard deviation in the D scores, and
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TABLE 1

Variances and Variance Estimators in the Two-Independent Samples Case (5,)

and the Two-Dependent Samples Case (8p)

Note Equation
> m[l 4 d? 5 .
o= — — Exact variance of d 21
T m =2 Je(m)) @b
2 ~ 0D
) _lem)'m[1 4787 o .
= = i ) Exact variance of g (22)
2 m[l +id*] & . . N
o = 1 — Biased Estimate of o 23
¢ (m—=2)i [c(m)]” d @3
2 )
2 (p) _ le(m)'m[l +ng’] : : 2
0y n -2 g Biased estimate of o (24)
A — (1 _Am - 2)2) & Unbiased estimate of 02 (25)
ilc(m)] mc(m)]
2w =1y (1_ (m—2) 2 Unbiased estimate of o (26)
¢ " mlc(m)] ¢
2
03 /(;o) = % + 2% Large sample variance 27
2 .
&f, Ly _ % + 2dim Estimate of Uj/(goo) (28)
grny =14 Fal Estimate of o> (> (29)
g n' 2m dfg
A~ 2 . o0
g; (L2) _ r% + 2di Estimate of oj/(g ) 30)
~2(L2) 1 g2 : 2 (o0)
o =5 TN Estimate of Ou/q (31

Note: ¢(m) is defined in Equation 5. In the two-independent samples case, d = da, g = g2, 8 = &,
n=ngnc/(ng+nc),m =ng+nc —2,and N = ng + nc. In the two-dependent samples case with
parameter dp, d =dp, g =gp,0=0p,i=n,m=n—1,and N =n.

which is of the same form as &, defined in Equation 2 for the two-independent
samples design. When p = .5, then 6p = dp,. However, in many cases, one
would expect the correlation between the scores at the two occasions to be greater
than .5, which implies dp > 8p, (see Ray & Shadish, 1996, for some empirical
evidence relevant to this issue). Simply assuming that p = .5 is not recommended,
and estimates of dp are therefore not directly comparable to estimates of ;.

If dp is chosen as the effect size parameter of interest, then biased and

unbiased estimates are given by

and

S|

©)

(10)
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respectively, where m = n — 1. The exact variances and variance estimates for
these effect sizes are given in Table 1 with 7 =n and N = n (Becker, 1988;
Gibbons et al., 1993; Morris, 2000; Morris & DeShon, 2002).

Working with dp; is usually preferable because it is directly comparable to d;
from two-independent samples designs. However, estimating 6p, from depen-
dent samples data poses some additional difficulties. Naturally, one might con-
sider estimators of the form given by d, and g» (Equations 3 and 4) to be
appropriate here. The problem with this approach is that their exact distributions,
expected values, and variances are unknown. Instead, the estimators

|

dpy =

(11)

51

and

2 = ctm) (2 (12

S

have been suggested in the literature and are biased and unbiased estimators of
dp2, respectively, where m = n — 1 and s, is the pretreatment standard deviation
(Becker, 1988; Morris, 2000; Morris & DeShon, 2002). The exact variance of
dp and gp, and the large sample approximations are given in Table 2 (Becker,
1988; Morris & DeShon, 2002). In addition, biased estimates of the exact sam-
pling variance are obtained by replacing the parameter dp, by either dp, or gp
and p by the sample correlation r. Unbiased estimates of the exact sampling
variance can also be derived and are given in Table 2 (Equations 36 and 37).

Note that one must use an unbiased estimate of p in Equations 36 and 37 to
obtain unbiased estimates of the sampling variances of dp, and gp,. An unbiased
estimate of p, derived by Olkin and Pratt (1958), is given by

o (l1n-2
r rF(2 135 ,1 r), (13)
where
S F(0<+' j)F(Y)X_’

J=

denotes the hypergeometric function. Olkin and Pratt also suggested

as a simple yet accurate approximation to the unbiased estimator of p.
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TABLE 2
Variances and Variance Estimators in the Two-Dependent Samples Case (8py)
Note Equation
o _mP2(1—p)+nd] i
o2 = = T Exact variance of d (32)
2 [e(m)Pm2(1 = p) + 1% o i
ol = T 5 Exact variance of g (33)
2w mR2(1—r)+nd’] P - ~ 2
528 — _ Biased estimate of & 34
a =21 " fe(m)] ‘ o
2 2
g _ lem)'m2(1 —r) +ng’] i i 2
& 2 g Biased estimate of o} (35)
6(21 ) _2(1=r 2) + (1 — (”17_2)2) &2 Unbiased estimate of 62 (36)
62(U) — M + (1 _ (’"7_2)2> g Unbiased estimate of o2 37)
: me(m) ’
_ 2
o /(;c) _2a - p) + 25_m Large sample variance (38)
_ 2
s 200 & Estimate of o> (39)
_ 2
6; wy _2(1=r) + ig_m Estimate of 63/(;0) (40)
_ 2
A[2i (L2 _ 2(1n r) +4 Estimate of 63/<;C) 41)
_ 2
65, (L2) _ 2(1n r) + §_n Estimate of Gf,/(;o) (42)

Note: ¢(m) is defined in Equation 5. In the two-dependent samples case with parameter dp;,
d=dp, § = 8gp2, 0 =0py, and m =n — 1. r is the sample correlation coefficient, and r* is the
unbiased estimate of the population correlation p as defined in Equation 13.

Confidence Intervals for §

In the following sections, d refers to one of the three different effect size
parameters discussed previously, namely, 8,, dp, or 8p,. We will now consider
methods for finding a CI for 8. Finding the exact CI bounds for § is problematic
because the shape of the distribution of d and g depends directly on the para-
meter for which the interval is being constructed. Therefore, the CI cannot be
given as a closed-form expression.

Iterative methods to find the exact CI for the two-independent and two-
dependent samples design with parameter 8 have been discussed in the literature
(Cumming & Finch, 2001; Hedges & Olkin, 1985; Smithson, 2003a; Steiger &
Fouladi, 1997). Exact CI bounds for the two-dependent samples design with para-
meter 0p, can also be obtained when p is known by multiplying the bounds for
dp by v/2(1 — p). However, in practice, p must be estimated from the data. The
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additional variability in estimates of p must be considered when using an iteration
procedure to find the exact CI for 6p,. No such method has been developed yet.

We will now consider several approximations to the exact CI bounds. Let
¢ be equal to the 100 x (1 — a/2)" quantile of either the standard normal or the
central ¢ distribution with m degrees of freedom. Approximate (1 — o) x 100%
CIs for o are given by methods B, U, L1, and L2 as shown in Table 3. Two
different sets of approximations are given, depending on whether one uses the
biased or the unbiased estimate of the corresponding population parameter.
Also, one can use either the normal distribution or the ¢ distribution to construct
such approximate Cls. Use of the normal distribution for obtaining CIs can be
justified based on the fact that d and g are asymptotically normal with expecta-
tion & and variances given by Equations 27 or 38. On the other hand, when
8 =0, then v7d and c(m)fl\/ntg are distributed central ¢ with m degrees of
freedom, which suggests use of the ¢ distribution for small .

Another approach to obtain approximate CI bounds for d is to first use a vari-
ance stabilizing transformation. The variance stabilizing transformation for the
standardized mean difference, as suggested by Hedges and Olkin (1985), is here
generalized to include the two-dependent samples design. Based on the delta
method, the random variable

2
Zgzh(g):\/zsinh1g=\/§10g<g+\/gz+l> (16)
a a a

can be shown to be asymptotically normal with expectation 4(3) and variance
1/N, where a = \/4+2(ng/nc) + 2(nc/ng) in the two-independent samples
case, a — \/§ in the two-dependent samples case with parameter dp, and a =
v/4(1 — r) in the two-dependent samples case with parameter & p,. Therefore, one
calculates the lower and upper bounds of a CI using the distribution of z, with

zgEtgx/1/N (17)

and then transforms these bounds back to the original metric with

g=h"'(z,) = asinh (%) - a(eXp[Zg/@ 3 eXp[Zg/m), (18)

the inverse function of 4 (g). This method (denoted by the letter H) could also
be applied using the biased estimate d in place of g.

Finally, Fidler and Thompson (2001) suggested that a CI for 3, in the two-
independent samples design could be approximated by dividing each Xy and
X score by s, and obtaining a CI for the raw mean difference as described by
Equation 1 using the transformed data. It is easy to show that this method is
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TABLE 3

Methods to Obtain Approximate Confidence Intervals for &
Method

¢B gtqgx 62’3)
dB d+gx&P
eU gEqgx 6§,U>
du d+gx &V
gLl gEqgx 62“)
dL1 d+gx &'
gl2 g+qx6it?
dL2 d+qx 6

gH h™!(zg g% /1/N)
dH h~'(za£q % \/1/N)
Equation 1 divided by s, (two-independent samples case)
F Equation 6 divided by sp (two-dependent samples case with dp)

Equation 6 divided by sp/+/2(1 — r) (two-dependent samples case with &p;,)

Note: See text for details. g is the 100 x (1 — o/2)" quantile of either the standard normal distribu-
tion or the central ¢ distribution with m degrees of freedom.

identical to dividing the CI bounds for pz — pi obtained from Equation 1 by s,.
A similar approach was also discussed by Bird (2002). However, after dividing
Equation 1 by s, we obtain d & #(,, 4 n.—2),1-5/2+/ 1/7. This in turn reveals that
the Fidler and Thompson approach is essentially the same as using the biased
estimate d, and constructing a CI based on the ¢ distribution and the large
sample variance ij ((Oo) (Equation 27) where 9, is assumed to be zero. The same
principle could be extended to the two-dependent samples design where a CI
for & is sought by dividing the CI bounds for 1, obtained from Equation 6 by
sp. Finally, dividing the CI bounds for p, obtained from Equation 6 by
sp/v/2(1 — r) would provide an approximate CI for 8 ;. This method of finding
approximate Cls for ¢ will be denoted by the letter F.

In total, this yields 21 different approximations (see again Table 3). Specifically,
methods B, U, L1, L2, and H can either be based on d or g and can either employ
critical values from the normal or the 7 distribution, whereas method F is by default
always based on d and the ¢ distribution. The letter z or ¢ will be appended to the
name of the approximation to indicate which distribution was used. For example,
method B based on g and the normal distribution will be denoted by gBz.
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Examples

Three examples will illustrate the various approximations discussed in the
previous section. First, consider the two-independent samples case. Assume that
(25,19, 21, 14, 16, 23, 24, 24, 22, 22) and (28, 26, 27, 19, 23, 29, 25, 31, 32, 30)
represent test scores from students randomly assigned to a control and an experi-
mental group, respectively, in an experiment investigating the impact of a new
teaching technique on students’ performance. The mean difference in test scores
between the two groups is 6.0 points with a 95% CI given by (2.44,9.56).
To obtain the standardized estimate g,, we use Equation 4 with m = 18 and
¢(18) = .96. In standardized units, it turns out that the students in the experi-
mental group scored g, = 1.52 standard deviations above the control group.
Using iterative estimation procedures, we find that an exact 95% CI for 9§, is
given by (.55,2.58).

We now compare the exact CI with the approximate CI bounds obtained by the
methods discussed earlier (for conciseness, the examples in this section will be
based on the normal distribution and g only). For method gBz, we first calculate
G 2 (B) (Equation 24), which is equal to .28. Next, we find that 1.52 4= 1.96 x /.28
pr0v1des approximate CI bounds (.48,2.55). For method gUz, we find that 6§<U)
is equal to .27 and 1.52£1.96 x \/— 7 then provides the approximate bounds
(.50,2.54). Continuing with methods gl.1z and gl.2z, we find the CI bounds to be
equal to (.51,2.52) and (.52, 2.51), respectively. For the variance stabilizing trans-
formation (method gHz), we use Equation 17 with a = v/8 and obtain zg = .73.
We then calculate the CI in the transformed units with Equation 17, yielding
73£1.96 x 4/1/20 = (.29, 1.16). Transforming these bounds back into the ori-
ginal units using Equation 18 results in (.58, 2.60). Finally, for method F, we divide
the bounds of the CI based on the raw units by s, = 3.79, yielding (.65, 2.52).

Next, consider the dependent samples case where interest is focused on dp.
Assume that the scores given earlier were obtained from 10 participants tested
before and after receiving some treatment. The change scores D = X, — X are
equal to (3,7, 6, 5,7, 6, 1,7, 10, 8). The unstandardized mean difference is esti-
mated by D, which is 6.0 as in the two-independent sample case. A 95% CI for p 5,
obtained with Equation 6, yields the bounds (4.18,7.82). Because the scores are
highly correlated (r = .78), this CI is narrower than the one obtained from the same
data when treating the two sets of scores as coming from two independent samples.

Using Equation 10 with m = 9 and ¢(9) = 0.91, we find gp = 2.16. An exact
CI for 6p is given by (1.11,3.59). Approximate 95% Cls are obtained in the
same manner as before except that 7 =n = 10, N =n = 10, and a = V2. The
approximate bounds are equal to (.84,3.48) using method gBz, (.89, 3.43) using
method gUz, (.99,3.33) using method gl.1z, (1.03,3.29) using method gl.2z,
(1.20, 3.54) using method gHz, and (1.65, 3.08) using method F.

As a final example, consider the case where an estimate and CI for dp; is
sought. Using Equation 12 with m =9 and ¢(9) = 0.91, we find gp, = 1.51.
An exact CI for 6p, is obtained by multiplying the bounds for 6p, namely,
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(1.11,3.59), by 4/2(1 — p). The scores given earlier were drawn from a popula-
tion where p = .80, and therefore, the exact CI for dp; is given by (.70,2.27).

Method gBz in this case is based on Equation 35, which yields an approximate
CI of (.60, 2.43). Continuing through the list of variance estimates in Table 2 and
approximation methods in Table 3, we obtain the bounds (.64,2.38) with method
gUz, (.70,2.33) with method gL.1z, and (.73,2.30) with method gL.2z. Method
gHz, based on the variance stabilizing transformation, yields the approximate
bounds (.86,2.47). And finally, an approximate CI is given by (1.11,2.04) when
using method F.

The examples illustrate that the methods can differ widely in terms of how
well they approximate the exact CI bounds. Hedges (1982) studied method
gl.2z in the two-independent samples design (using sample sizes in the range
10<ng = nc <100 and values of &, between 0.25 and 1.50) and found the
approximation to be quite accurate. Morris (2000) studied method dUz in
the two-dependent samples design with parameter 6 ;. However, dp; and p were
treated as known in the simulations, which bears little relevance to practice,
where only sample estimates of 8p, and p are available. It is still unknown how
well CIs based on the remaining methods approximate the exact CI bounds and
in particular, whether one method should be preferred over the others. Results
for unequal and very small sample sizes and values of |3] above 1.5 are also still
warranted. Finally, the two-dependent samples design with parameter & has not
been studied at all so far. Therefore, Monte Carlo simulations were conducted to
compare the accuracy of the various approximations.

Method

Three sets of simulations were conducted. The first set of simulations cor-
responds to the two-independent samples case. Values of 3§, between —2 and 2
in steps of .25, seven different CI widths (1 — o = .50, .60, .70, .80, .90, .95, and
.99.), and various sample size configurations were used: (a) equal sample sizes of
ng =nc =4, 8, 16, 32, and 64 participants per group; (b) unequal sample sizes
with (ng,nc) = (2,6), (4, 12), (8, 24), (16, 48), and (32, 96), each corresponding
to a 25/75% split of participants; and (c) unequal sample sizes with (ng,nc) = (2,
14), (4, 28), (8, 56), and (16, 112), each corresponding to a 12.5/87.5% split
of participants. Therefore, there were a total of 17 &, x 14 sample size x 7
CI width = 1,666 conditions. On each of the 100,000 iterations for a particular
condition, a d, value was directly simulated from Z/+/X/m, where Z is a
random normal variable with distribution N(8,,1/ng+ 1/n¢) and X is a
random chi-square variable with m = ng + n¢c — 2 degrees of freedom. The
exact (1 —a) x 100% CI bounds for d, were then determined using iterative
methods. Next, approximate CI bounds were obtained with each of the 21
methods discussed earlier.

The second set of simulations corresponds to the two-dependent samples case
with parameter dp. Because values of dp tend to be larger than 3, values, values
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of 8p between —4 and 4 in steps of .50 were used. Five sample size conditions
(n =8, 16, 32, 64, and 128) were simulated. In total, this yields a total of
178p x 5 sample size x 7 CI width = 595 conditions. Again, 100,000 values of
dp were directly simulated for each condition from Z/+/X/m, where Z is a ran-
dom normal variable with distribution N(dp, 1/n) and X is a random chi-square
variable with m = n — 1 degrees of freedom. Exact and approximate CI bounds
were then obtained for dp.

The third set of simulations corresponds to the two-dependent samples case
with parameter dp;. For each trial, two vectors of random standard normal data
were generated for various values of n with population correlation coefficient p
using the Cholesky decomposition. Next, a constant was added to one of the two
sets such that all values of 8p, between —2 and 2 in steps of .25 were repre-
sented in the simulations. Sample sizes of n equal to 8, 16, 32, 64, and 128 and
values of p equal to 0, .1, .3, .5, .7, and .9 were included in the simulations. This
yields a total of 176, x 5 sample size x 6p x 7 CI width = 3,570 conditions.
After generating the data, dp, and gp, were calculated and the exact CI bounds
for 6p, were determined using iterative methods (assuming known p). Next,
approximate CI bounds for dp, were obtained with each of the approximation
methods. The third set of simulations was based on 10,000 trials per condition
because simulating the raw data required substantially more computing time.

The accuracy of the various approximations was assessed with two measures:
the empirical coverage probability and the ratio of the length of the approximate
CI compared to the exact interval. Specifically, the empirical coverage probabil-
ity was estimated with

Z A P (19)

where éLi and éUi denote the lower and upper CI bounds on the i iteration,
lic, é)I8] =1if8 € (C1;,Cy,) and 0 otherwise, and R = 100,000 for the first
two sets of simulations, and R = 10,000 for the third set. The maximum stan-
dard error of the P values is .002 for R = 100,000 and .005 for R = 10, 000.

The empirical coverage probability indicates whether the approximation
captures the parameter as often as it should. On the other hand, the ratio of the
length of the approximate CI to the true CI indicates to what degree the width of
the true interval was over- or underestimated. The average width ratio for a par-
ticular method was estimated with

1 R CU, CL‘

i=1
where C, and Cy;, are the lower and upper bounds of the exact CL.
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The error in the empirical coverage probability of an approximation is given
by P — (1 — ). The error in the width ratio is given by W — 1. Because of the
large number of approximations considered in the present article, the methods
were first examined in terms of their maximum error in coverage probability
and width ratio. These values represent the worst-case results and allow us to
rule out methods that can yield grossly inaccurate approximations (the full set of
results can be obtained by contacting the author).

Results
Two-Independent Samples Design

The accuracy of methods B, U, L1, L2, and H depended only on the total sam-
ple size (N =ng + n¢) and not on the proportion of scores falling into each
group. Also, all these methods converged to the nominal coverage probabilities
and interval widths as N increased, regardless of whether the method was based
on dy, g, the normal, or the ¢ distribution critical values. In fact, the maxi-
mum value of (P — (1 — o)) x 100% over all conditions and methods (excluding
method F) was never larger than 6.5% for N = 16, 3.0% for N = 32, 1.5% for
N = 64, and 1.0% for N = 128. In terms of width ratios, convergence was some-
what slower. The maximum value of (W — 1) x 100% was 28.6%, 11.9%, 5.5%,
and 2.6% for a total sample size of 16, 32, 64, and 128 participants, respectively.

The convergence of the empirical coverage probabilities of methods B, U,
L1, L2, and H to the nominal (1 — o) values and CI widths was to be expected
due to three reasons. First, the distributions of d and g are asymptotically normal
with expectation d. Second, these methods are based on consistent variance esti-
mates. And finally, for large sample sizes, the normal and ¢ distributions con-
verge, yielding very similar quantiles.

However, for small sample sizes, some approximations were noticeably more
accurate than others. Table 4 indicates the maximum value of (P — (1 — o)) x
100% and (W — 1) x 100% for each method and each CI width over all values of
0, for N = 8 in the equal sample size condition. Negative signs indicate underes-
timation of coverage probabilities and widths, whereas positive signs indicate
overestimation. The table shows that the approximate bounds based on the normal
distribution generally yielded more accurate results than the corresponding
bounds based on the ¢ distribution, especially with respect to width ratios and
90% or wider ClIs.

Table 4 also indicates that methods gUz, gl.1z, dL.1z, dL2z, gHz, and dHz
provided the most accurate results when considering empirical coverage prob-
abilities and width ratios simultaneously. To determine whether one of these
methods is the most accurate, one should examine individual values of Pand W
instead of focusing on the maximum errors as done in Table 4. Accordingly, the
empirical coverage probabilities and width ratios of these methods are plotted
by J, values for the 95% CI condition in Figure 1 when N = 8. In addition, the
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TABLE 4
Maximum Error (in % ) in Empirical Coverage Probabilities and Width Ratios Over
All Values of 8, for N = &8 in the Two-Independent Samples Case ( Equal Group Sizes)

Coverage Probability Width Ratio
Confidence

Interval 50% 70% 90% 95% 99% 50% 10% 90% 95% 99%

gBz 7.3 79 55 36 10 8.6 8.6 8.7 8.8 8.9
gBt 102 121 85 49 10 155 188 284 358 56.7
dBz 116 128 76 44 10 336 336 337 338 340
dBt 147 168 93 50 10 421 462 580 67.1 929
gUz 4.5 49 38 27 09 2.0 2.1 2.2 2.2 2.4
gUt 7.3 92 76 48 10 8.6 1.7 207 276 473
dUz 5.5 65 50 32 09 175 175 176 1777 178
dUt 84 108 82 48 1.0 250 286 389 469 69.6
gllz 4.1 40 26 16 06 —46 —-46 —45 —44 43
gL1t 6.9 82 65 43 1.0 5.4 84 171 237 427
dL1z -19 -21 -12 -05 04 0.9 0.9 1.0 1.1 1.2
dL1t 1.4 35 53 40 1.0 73 104 193 262 456
gl2z 39 35 17 09 02 -91 -91 -90 -90 -89
gl2t 6.7 76 57 39 10 4.5 75 160 226 414
dL2z -38 -39 -25 -17 -05 —-47 —-47 —-46 —-46 —44
dL2t -1.2 1.8 34 31 1.0 5.4 84 171 237 426
gHz 35 25 =17 —-14 —-1.1 87 =81 —64 53 52
gHt 6.2 64 42 26 038 5.1 89 207 304 625
dHz -40 -50 —-49 -45 -29 -—-43 -36 -19 3.1 6.1
dHt -15 =07 1.1 09 05 6.0 99 217 316 639
F -94 -102 -75 -62 -34 -204 -18.0 128 192 374
F* -84 —-10.1 -82 —-6.0 —-2.6 —185 —-184 —-181 —-179 —-175
F —66 —81 —6.0 —45 —19 —148 —147 —144 —142 -137
F* -42 —-47 -37 -27 -10 -94 -93 -91 88 83
a. (nE,nC) = (64.64)

c. (ng,nc) = (16,112).

results for method F are shown to illustrate its distinctive performance. Clearly,
method dL1z provided the most accurate approximation to the exact CI bounds
for &,. Its width ratios were slightly above 1 but with no substantial impact on
coverage probabilities.

Method F showed a very different pattern of results when compared to the
other methods. At 8, = 0, the empirical coverage probabilities were equal to the
nominal (1 — o) values for all sample sizes (even for N = 8) and all values of
(1 — o), although its width ratios were quite inaccurate. For larger values of
|8,], P fell below the nominal (1 — o) value, with no improvement in accuracy
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FIGURE 1. Empirical coverage probability and width ratio in the two-independent
sample case for N = 8 and 95% confidence intervals (Cls) ( Equal Group Sizes).

for larger sample sizes (see last rows in Table 4). This finding is not surprising as
method F essentially assumes that o, is equal to zero. Therefore, no matter how
large N becomes, method F will not provide accurate results when &, # 0.
Finally, method F actually showed an increase in accuracy in the unequal sample
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TABLE 5
Maximum Error (in % ) in Empirical Coverage Probabilities and Width Ratios Over
All Values of 8p for n = 8 in the Two-Dependent Samples Case With Parameter §p

Coverage Probability Width Ratio
Confidence

Interval 50% T70% 90% 95% 9% 50% T0% 90% 95% 99%

gBz 5.9 6.8 4.5 3.1 0.9 8.4 8.6 9.2 9.6 10.6
gBt 83 103 7.5 4.7 1.0 143 173 258 323 503
dBz 13.0 14.1 7.9 4.4 1.0 36.1 363 37.1 376 388
dBt 157 173 9.2 49 1.0 434 472 579 660 88.6
gUz 35 4.4 3.1 2.3 0.8 32 3.4 39 43 52
gUt 6.0 8.0 6.6 44 1.0 88 11.6 19.7 258 43.0
dUz 55 6.7 4.8 32 08 161 164 17.0 174 185
dUt 80 104 7.7 4.6 1.0 225 257 348 417 61.0
gllz -43 —-48 -38 -29 -12 -90 -88 -83 —-80 -72
glL1t 5.8 7.4 5.8 4.0 1.0 4.7 73 144 199 350
dL1z -16 -15 -09 0.8 04 1.1 1.4 1.9 23 32
dL1t 1.6 3.6 4.9 3.8 1.0 6.6 94 174 234 402
gl2z -67 =77 —-6.1 —-46 -20 —141 —14.0 —135 —132 —124
gl2t 5.7 7.1 54 3.7 1.0 =95 71 140 194 345
dL2z -35 -34 -17 —-09 -02 —-47 —-45 —-40 =37 =29
dL2t —-13 2.1 3.6 32 1.0 5.1 76 148 203 354
gHz —-63 —-66 —42 -25 -12 -13.7 —-13.0 —-11.1 -97 -6.2
gHt 52 6.0 3.8 2.5 07 -9.0 83 183 265 523
dHz -39 —-45 —44 -39 -25 -43 =35 2.5 3.7 6.7
dHt -1.6 -1.1 1.1 1.0 0.5 5.6 90 191 274 534
F —32.7 —433 —46.1 —41.8 —28.0 —67.7 —66.9 —64.5 —62.7 —57.5
F* —32.4 —432 —48.0 —46.7 —38.5 —66.8 —66.7 —66.6 —66.5 —66.2
a.n = 128.

size conditions, with more extreme splits yielding more accurate P values (again,
see last rows in Table 4).

Two-Dependent Samples Design With Parameter dp

All methods except F again converged to the correct coverage probabil-
ities and interval widths as sample size increased. Specifically, (P — (1 — o)) x
100% never exceeded 7.6% when n = 16, 3.9% when n =32, 2.1% when
n =64, and 1.1% when n = 128 over all values of 8y and (1 — o) for methods
B, U, L1, L2, and H. For n = 16, 32, 64, and 128, the highest width ratio error
was 31.7%, 13.9%, 7.5%, and 3.9%, respectively. Table 5 provides the maxi-
mum value of (P — (1 — a)) x 100% and (W — 1) x 100% for each method and
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FIGURE 2. Empirical coverage probability and width ratio in the two-dependent
sample case with parameter dp for n = 8 and 95% confidence intervals (Cls).

each CI width over all values of 6p for n = 8. The results are similar to those
from the two-independent samples case.

Figure 2 shows the empirical coverage probabilities and width ratios for
methods gUz, gl.1z, dL1z, dL2z, gHz, dHz, and F for the 95% CI condition
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when n = 8, which again indicates that method dL1z performed favorably.
Because of the wider range of dp values considered in this set of simulations,
method F performed even worse when compared to the two-independent sam-
ples case and again showed no sign of improvement with larger sample sizes.

Two-Dependent Samples Design With Parameter dp;

Once again, all of the approximations except method F converged to the exact
CI bounds in terms of empirical coverage probabilities and widths. The lar-
gest error in the coverage probabilities amounted to 8.3% for n = 16, 3.9% for
n =32,2.7% for n = 64, and 1.7% for n = 128. For the width ratios, the largest
errors were 27.1%, 16.4%, 8.5%, and 4.4%, respectively. Table 6 provides the
maximum value of (P — (1 — a)) x 100% and (W — 1) x 100% for each method
over all values of 3, and p in the two-dependent samples case when n = 8. The
approximations were slightly less accurate than in the previous two sets of simu-
lations, which can be attributed to the additional error introduced by having to
estimate p. Methods gl1z, gl.2z, dL2z, and gHz provided the most accurate
coverage probabilities and width ratios for small sample sizes.

Empirical coverage probabilities and width ratios for these four methods are
plotted in Figure 3 across individual values of &p, for the 95% CI condition
when p = .7 and n = 8. Method dL1z, which provided the most accurate results
in the previous two sets of simulations, is also plotted for comparison purposes,
whereas method gHz was omitted, as it made the graphs difficult to read (it did
not provide more accurate results than the two methods discussed in the follow-
ing). Here, none of the methods could be considered generally superior in all
aspects. In fact, all of these approximations tended to capture the parameter not
often enough despite the fact that intervals provided by methods dL1z and dL.2z
were usually too wide on average. Overall, methods gl.1z and dL2z appear to be
most accurate in terms of interval widths while still providing quite accurate
coverage probabilities.

Discussion

Finding the exact CI for 6 requires iterative estimation procedures. However,
the present article shows that various approximate methods can be used without
concern as long as sample sizes are at least moderately large. On the other hand,
when sample sizes are small, then researchers can consult Tables 4, 5, and 6 when
choosing an approximation. These tables provide the maximum error over condi-
tions that are not under the control of the experimenter, namely, the true value
of & and the true value of p in the two-dependent samples case. In other words,
because these parameters are unknown in practice, one cannot pick a method that
would be optimal for particular 6 and p values. A reasonable alternative is a mini-
max approach, choosing a method that minimizes the maximum possible error.

Ideally, one method would be most accurate for all the designs considered.
Method dL.1z was extremely accurate in the two-independent and two-dependent
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TABLE 6

Maximum Error (in % ) in Empirical Coverage Probabilities and Width Ratios
Over All Values of §py and p for n = 8 in the Two-Dependent Samples

Case With Parameter Sp,.

Coverage Probability Width Ratio
Confidence

Interval 50% 70% 90% 95% 99% 50% T0% 90% 95% 99%

gBz 5.7 5.4 3.1 1.7 =18 174 17.1 179 185 20.1
gBt 8.3 8.9 6.1 4.3 1.0 238 264 358 430 63.1
dBz 132 141 7.9 4.3 1.0 474 472 483 49.1 51.0
dBt 158 174 9.3 4.8 1.0 554 590 708 79.8 105.1
gUz 33 31 -32 -34 -28 11.0 108 11.6 122 137
gUt 5.9 6.6 5.1 3.8 1.0 17.8 203 292 36.1 552
dUz 5.1 6.8 4.6 29 —-14 250 248 257 263 28.0
dUt 81 105 7.6 44 1.0 327 354 455 532 748
gllz —-43 -52 —--56 —-41 -29 -36 -34 -32 -30 -33
gL1t 4.8 5.6 4.3 3.0 1.0 5.1 75 147 201 36.5
dL1z —-41 —-50 —44 -32 -18 9.6 92 100 105 120
dL1t 2.0 4.1 4.7 34 1.0 155 179 267 334 521
gl2z -65 -81 -77 -59 -35 -82 80 -73 -72 —-67
gl2t 4.5 5.4 39 2.7 1.0 4.7 70 13,6 191 351
dL2z —-43 —-55 —48 -38 =20 32 2.8 3.6 4.0 53
dL2t -21 =22 33 3.0 0.9 88 11.0 193 254 431
gHz -63 —-69 52 -35 24 -77 -70 —-46 =34 6.4
gHt 4.1 4.4 2.5 2.0 0.8 52 84 179 26.1 53.0
dHz —46 —-65 -72 —-63 -38 3.7 39 6.5 82 128
dHt -26 -32 =23 14 0.6 94 124 238 329 62.1
F —35.1 —475 =529 —499 -379 —69.1 —68.3 —66.0 —64.2 —59.1
F* —33.6 —443 —51.2 —49.1 —409 —69.8 —69.8 —69.7 —69.6 —69.5
a.n = 128.

samples case with parameter & 5. However, it did not perform quite as well in the
two-dependent samples case with parameter dp,, where methods gl.1z and dL.2z
provided the most accurate results. The results in the two-dependent samples
case were of particular interest because methods to find the exact CI of dp, with-
out knowledge of p have not been developed yet. Therefore, researchers must
rely on approximations in practice and methods gl.1z and dL.2z are to be recom-
mended here. The fact that methods based on the large-sample variances provided
some of the most accurate approximations to the exact CI bounds is certainly a
welcomed finding because these methods are also the easiest to compute among
all the suggested approximations.
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FIGURE 3. Empirical coverage probability and width ratio in the two-dependent
sample case with parameter 8py forn = 8, p = .7, and 95% confidence intervals (Cls).

A final word of caution is warranted when discussing standardized effect sizes.
The standardized effect size 6 is useful when comparing results from multiple
studies using measurement instruments whose raw units are not directly compar-
able. If the different instruments provide scores that are linear transformations of
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each other, then standardizing the raw effect sizes allows comparisons across dif-
ferent instruments. The problem with standardized effect sizes is their depen-
dence on the amount of variability in the population. The problem is twofold.
First of all, & assumes homoscedasticity of the scores in the groups or across
repeated measures. When & is not homogeneous, use of 6 might be problematic.
However, using standardized units creates an even more notable problem
because & depends on the particular characteristics of the population being stu-
died, specifically, its variance (Cohen, 1994). In other words, two d or g values
for the same outcome measure obtained from two experiments could be incom-
mensurable if the samples were drawn from populations with unequal variances.

Cohen (1994) emphasized that researchers must begin to “respect the units
they work with” (p. 1001). In the ideal case where the raw units of measurement
have a natural interpretation and are consistent across multiple studies, it is not
necessary to standardize the effect size. Using raw units eliminates the depen-
dency of the effect size on the population variance. Cls for effect sizes in raw
units are easily obtained and are exact. However, in the social sciences, the mul-
titude of scales and measurement instruments will necessitate the use of standar-
dized effect sizes in the future.
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